We present analytic formulae for the QCD renormalization group factors relating the Wilson coefficients C i (µ t ) and C i (µ), with µ t = O(m t ) and µ < µ t , of the ∆F = 2 dimension six fourquark operators Q i in the Standard Model and in all of its extensions. Analogous analytic formulae for the QCD factors relating the matrix elements Q i (2 GeV) and Q i (µ K ) with µ K < 2 GeV are also presented. The formulae are given in the NDR scheme. The strongest renormalization-group effects are found for the operators with the Dirac structures (1 − γ 5 ) ⊗ (1+γ 5 ) and (1−γ 5 )⊗(1−γ 5 ). We calculate the matrix elements K 0 |Q i |K 0 in the NDR scheme using the lattice results in the LRI scheme. We give expressions for the mass differences ∆M K and ∆M B and the CP-violating parameter ǫ K in terms of the non-perturbative parameters B i and the Wilson coefficients C i (µ t ). The latter summarize the dependence on new physics contributions.
Introduction
Renormalization group short-distance QCD effects play an important role in K 0 − K 0 and
d,s mixing within the Standard Model (SM) and its extensions [1, 2] . They can be calculated by solving renormalization group equations that govern the scale dependence of the Wilson coefficients C i (µ) of the relevant ∆F = 2 operators Q i . The resulting effective weak
Hamiltonian reads
Here G F is the Fermi constant and V where C is a column vector built out of the C i 's andÛ (µ, µ t ) is the renormalization group matrix. C(µ t ), with µ t = O(m t ), are the initial conditions which depend on the short distance physics at high energy scales. In particular they depend on the top quark mass and the couplings and masses of new particles in extensions of the SM. We will later briefly discuss the case of scales much higher than m t . Otherwise µ t denotes a high energy scale in the range, say,
While the initial conditions C i (µ t ) at the NLO level are known only in the SM [3, 4] and in some of its extensions [4] , all the ingredients are available to compute the NLO evolution matrix U (µ, µ t ) for all possible extensions of the SM. Indeed, the two-loop anomalous dimension matrix for all ∆F = 2 four-quark dimension six operators has been calculated in the regularization independent renormalization scheme (RI) in [5] and in the NDR scheme in [6] . Together with the known one-loop anomalous dimension matrix [7, 8] and the known β function, the evolution matrix can be straightforwardly computed by means of the methods reviewed in [1, 2] .
The LO analytic expressions forÛ (µ, µ t ) can be found in [8] . For phenomenological applications it is useful to derive analogous expressions including NLO corrections. The first step in this direction has been made in [9] whereÛ (µ, µ s ) with µ s > m t has been written aŝ U (µ, µ s ) =Û(µ, µ t )Û (µ t , µ s ) (1. [9] . It should be emphasized that NLO corrections are necessary for a satisfactory matching of the Wilson coefficients to the matrix elements obtained from lattice calculations. Moreover as demonstrated in [8, 9] the inclusion of QCD corrections at the LO and the NLO level is mandatory in order to place reliable constraints on the parameters in the extensions of the SM, in particular on the squark mass matrices in supersymmetric theories.
The purpose of our paper is to present NLO analytic formulae for the matrixÛ(µ, µ t ) relevant
. These formulae when combined with the initial conditions C(µ t ) and the hadronic matrix elements Q(µ) will allow to calculate in the future the ∆F = 2 amplitudes for any extension of the SM.
The formulae given below forÛ (µ, µ t ) apply to the situation in which the initial conditions for the Wilson coefficients are known at µ t = O(m t ) and the evolution down to scales µ < µ t is performed in an effective theory with the top quark and the heavy new particles integrated out. Whether the top quark and the new particles have been integrated out at a single scale µ t or at different scales, say µ t , µ s 1 , µ s 2 with µ t < µ s 1 < µ s 2 , is immaterial here. What matters are the values of the Wilson coefficients at µ t and not how they have been evaluated from the contributions at scales higher than µ t . On the other hand in the process of the evaluation of C i (µ t ) large logarithms log µ s 1 /µ t , log µ s 2 /µ s 1 may appear. These logarithms have to be resummed which results in new evolution functionsÛ (µ t , µ s 1 ),Û (µ s 1 , µ s 2 ), etc. As discussed in [8, 9] the structure of these matrices is model dependent and consequently beyond the scope of the present paper. We will, however, provide an analytic formula for the evolutionÛ (µ t , µ s ) with µ t ≪ µ s in an effective f = 6 theory in which only SM degrees of freedom are present and all new particles have been integrated out. Now, the lattice results for the matrix elements Q(µ) are usually given at µ = 2 GeV. In what follows we will denote this scale by µ L . On the other hand large-N approaches, the chiral quark model and any non-perturbative method in which the low-energy degrees of freedom are mesons provide these matrix elements at scales µ K ≤ 1GeV. In our opinion it would be useful to have the matrix elements obtained by means of different methods at a common "standard" scale, which we will choose to be µ L in the following. This is achieved using the formula
where Q(µ K ) are the matrix elements calculated for scales
the renormalization group evolution matrix. In our paper we provide analytic formulae for
At this point we would like to stress that our paper is addressed first of all to the practitioners of weak decays who do not want to get involved with the details of NLO calculations but rather would like to use the final QCD factors in phenomenological applications. On the other hand it should also be useful to experts. Indeed, having explicit analytic formulae, rather than numerical values, not only gives the freedom to change input parameters but also makes possible the checking of a given calculation. In particular when multiplying theÛ matrices like in (1.4) one easily generates higher-order terms in α s which really do not belong to NLO corrections.
While these corrections should be removed from NLO expressions, this is not always done in the literature. Consequently, already at this stage unnecessary discrepancies of the order of 5% between calculations performed by different groups may arise. These higher-order terms in α s are consistently removed in the present paper. We are aware of the fact that some of the formulae presented below are rather long. Nevertheless we believe that they should turn out to be useful in future phenomenological applications.
The paper is organized as follows. In Section 2 we give the list of the ∆F = 2 operators in question and establish our notation. In Section 3 we give analytic formulae for the QCD We give general expressions for the mass differences ∆M K and ∆M B and the CP-violating parameter ǫ K in terms of the non-perturbative parameters B a i and the Wilson coefficients C i (µ t ). We conclude in Section 8. For completeness we list in appendix A the one-loop and two-loop anomalous dimension matrices that we have used in our paper. Appendix B gives the general formulae for theÛ matrices which have been used to obtain the analytic formulae of sections 3 and 4. Finally in Appendix C we give analytic formulae for the evolution matrixÛ (µ t , µ s ).
Basic Formulae
For definiteness, we will give explicit expressions for the operators responsible for the K 0 − K 0 mixing. The operators belonging to the VLL, LR and SLL sectors read by interchanging P L and P R . Since QCD preserves chirality, there is no mixing between different sectors.
Moreover, the anomalous dimension matrices and the evolution matrices in the VRR and SRR sectors are the same as in the VLL and SLL sectors, respectively. Therefore, in the following, we shall consider only the VLL, LR and SLL sectors. However, one should remember that the Restricting the discussion to the VLL, LR and SLL sectorsÛ(µ 1 , µ 2 ) takes the following
where [η(µ 1 , µ 2 )] LR and [η(µ 1 , µ 2 )] SLL are 2 × 2 matrices and µ 1 < µ 2 . In what follows we will use a short-hand notation, denoting the QCD factors representingÛ (µ,
respectively. That is, we will suppress the high-energy scale µ t in the argument of the η-factors.
Similarly, we will suppress the "lattice scale" µ L in the argument of the ρ-factors. Using this notation we have for instance
and analogous formulae for the SLL sector. Note that in accordance with (1.5), the transpose
In Section 3 we will give analytic formulae for the LO factors 
The general expression for α
is the QCD scale parameter in a theory with f quark flavours [11] . The existing analyses of high energy processes give α
(M Z ) = 0.118 ± 0.003 [12] or equivalently
The evolution matrix,Û (µ, µ t ), is given as follows:
with g denoting the QCD effective coupling constant and T g an ordering operation defined in [1] . β(g) governs the evolution of g andγ is the anomalous dimension matrix of the operators involved.
We also havê
with the three factors on the r.h.s. evaluated in f = 3, f = 4 and f = 5 effective theories, respectively. Now,
This means that knowing η ij (µ L ) and ρ ij (µ K ) allows to calculate η ij (µ K ).
Keeping the first two terms in the expansions ofγ(g) and β(g) in powers of ĝ
inserting these expansions into (2.12) and (2.13) and expanding in α s one can calculate the η-and ρ-factors defined in (2.3) and (2.4), respectively. To this end, one has to remove terms O(α 2 s ) and higher-order terms. We discuss this point in appendix B where the expansions of
3 η-Factors in the NDR Scheme
LR-Sector
3) SLL-Sector where
These factors are relevant for K 0 − K 0 mixing but can also be used in D 0 − D 0 mixing. They can be expressed in terms of η 5 defined in (3.19) and
.
(3.20)
VLL-Sector 
η-Factors for
The formulae for the QCD factorsη(
are rather long and will not be presented. These factors can be obtained using the relation 
ρ-Factors in the NDR Scheme
These factors allow to calculate Q i (µ L ) from Q i (µ K ) with µ K < µ c . They can be expressed in terms of
VLL-Sector Regarding the appearance of log (η 3 ) in eq. (4.10) in the LR sector, we direct the reader's attention to eq. (B.4) and the fact that in the LR sector for f = 3 the form of the evolution operator given there breaks down, as the matrixĴ has a singularity at f = 3. However, taking the limit f → 3 of the complete expression (B.4), a finite result exhibiting the aforementioned term O(α s ) log (η 3 ) is obtained [13] . In accordance with the convention of (B.6), (B.7) we treat it as an NLO contribution to the evolution operator.
Numerical Results
In tables 1-4 we give the numerical values for the η ij and ρ ij factors in the NDR scheme. To this end we have used α • These enhancements and suppressions are more pronounced after the inclusion of NLO corrections. The largest NLO corrections, in the ball park of 25%, are found for the
• [η 11 (µ)] LR and η VLL (µ) are both suppressed but this suppression is at most by 10% and 30%, respectively.
• Table 2 : Numerical values for the η-factors for Table 3 : Numerical values for the η-factors for K 0 − K 0 mixing with µ K = 1 GeV. Table 4 : Numerical values for the ρ-factors with µ K = 1 GeV and µ L = 2 GeV. 6 General Remarks
Renormalization Scheme Dependence
The evolution matrixÛ is renormalization scheme dependent. It is instructive to recall how this scheme dependence is canceled in physical amplitudes by considering a single operator Q.
Then the ∆F = 2 amplitude reads
The Wilson coefficient is given by
where 
Transformation to Different Renormalization Schemes
Once the Wilson coefficients C i (µ) have been calculated in the NDR scheme, they can be transformed to a different renormalization scheme A by means of
Likewise the matrix elements Q i (µ) can be transformed from scheme A to the NDR scheme:
The transformation matrices ∆r NDR→RI from the NDR scheme to the RI schemes of [5] can be found in section 5 of [6] .
η B and η 2 Factors in the SM
At this point we would like to warn the reader that the QCD factors η B = 0.55 [3, 4] and η 2 [3] used in the analysis of B The factors η B and η 2 are discussed in detail in [1, 2, 3] . See in particular the expressions (12.10) and (13.3) in [1] for η 2 and η B , respectively. Using these expressions it is straightforward to find the relation between η B and [η(
where C VLL SM (µ t ) includes NLO corrections calculated in [3, 4] , J 5 = 1.627 in the NDR scheme and 4S 0 (x t ) with x t = m 
Going Beyond the SM
In the SM
whereB B is the renormalization group invariant parameter defined bŷ (µ) defined in (7.1). F B is the B-meson decay constant and η B is the QCD factor defined in (6.8).
In the extensions of the SM with minimal flavour violation (MFV) and without contributions from new operators it is useful to generalize (6.9) to
where describe new physics contributions in analogy to η B and S 0 (x t ), respectively.
That is In more complicated models in which new flavour-violating couplings are present and the full set of operators (2.1) is relevant, it appears to be most useful to evaluate new physics contributions using simply
with C i (µ) evaluated by means of the formulae in sections 2 and 3. Similar comments apply to the K 0 −K 0 system with obvious replacements.
7 Phenomenological Applications
Hadronic Matrix Elements for
3)
where
and F K is the K-meson decay constant. Let us calculate the non-perturbative parameters B a i (µ) using the lattice results of [10] discussed in [9] . In the Landau RI scheme (LRI) the B a i (µ) factors are given by
where B i (µ), i = 1, . . . , 5 are the non-perturbative factors entering the matrix elements in the operator basis of [9] .
In order to find the matrix elements (7.1)-(7.5) in the NDR scheme we use the results of [6] , which allow us to relate the B i factors in the LRI and NDR schemes. We find 
s (2 GeV) = 0.306 and using (7.8)-(7.12) we obtain in the NDR scheme for µ = µ L = 2 GeV We observe that the scheme dependence in the LR and SLL sectors is large, amounting to a shift of the B i factors by roughly 30% and 20%, respectively. The corresponding scheme dependence in the VLL sector amounts to 2%.
Setting F K = 160 MeV and m K = 498 MeV we obtain at µ = 2 GeV and ε K our formulae are valid for the contributions of heavy internal particles with masses higher than M W . The known SM contributions from internal charm quark exchanges and mixed charm-top exchanges [14] have to be added separately.
We have
The matrix element K 0 |H ∆S=2 eff |K 0 can be written as follows
(µ t )) (7.27) with
(µ L ), (7.28)
In the case of the SM and MFV models one can use (6.9) and (6.11) instead of (7.28). In writing these formulae we have absorbed the CKM factors into C i (µ t ). The effective parameters
In the case of B 0 −B 0 mixing one has to make the replacements µ L → µ b and 
Summary
We have presented analytic formulae for the QCD renormalization group factors relating the Wilson coefficients C i (µ t ) and C i (µ), with µ t = O(m t ) and µ < µ t , of the ∆F = 2 dimension six four-quark operators Q i . The formulae presented in section 3 are given in the NDR scheme but are otherwise universal and apply to the Standard Model and all its possible extensions.
In order to complete the evaluation of ∆F = 2 amplitudes, the QCD factors presented here have to be combined with the Wilson coefficients C i (µ t ) evaluated in a given model at the short distance scale µ t and with the hadronic matrix elements
or µ = µ K dependently on the process considered. C i (µ t ) and Q i (µ) have to be computed in the NDR scheme in order to obtain a renormalization scheme independent answer for the physical amplitudes.
We have also presented analytic formulae for the QCD factors relating the matrix elements Q i (2 GeV) and Q i (µ K ) with µ K < 2 GeV. These formulae allow the comparison of the matrix elements obtained in lattice simulations with those obtained in approaches which use lower renormalization scales. and drop all O(α 2 s ) and higher terms in (B.5) and similar expressions. For the desired two-and three-step evolution matrices, one obtainŝ included as in (1.4) when µ s is only by a factor of two higher than m t . However, it is only necessary when µ s > 4m t in order to avoid large logarithms.
The formulae given below are not as general as the ones given in section 3. They apply only to the evolution of new physics contributions which do not involve SM particles except for the number of quark flavours entering α s and the anomalous dimensions of the operators (2.1). This is for instance the case considered in [8, 9] in which squarks and gluinos have been integrated out at a scale µ s ≫ µ t . On the other hand the renormalization group analysis of charged Higgs contributions with M H ± ≫ m t would be more complicated as both H ± and top can be simultaneously exchanged in box diagrams. Integrating out first H ± and subsequently the top would introduce bilocal structures for µ t < µ < µ s quite analogous to the study of charm contributions to K 0 − K 0 mixing [7, 14] . We find then VLL-Sector 
s (µ t ). These results together with those presented in section 3 and 4 allow to findÛ (µ, µ s ) with µ < µ t , see (1.4) .
